We analyze phase transitions induced by forbidding charges and fluxes in D(S3), the simplest non-Abelian model among quantum doubles, a class of 2D spin lattice topological models introduced by Kitaev. Contrary to a topological quantum field theory, the lattice degrees of freedom allow to forbid charges and fluxes independently, resulting in a non-trivial effect on dyons. Forbidding charges and fluxes leads to only a subset of the original anyons remaining, forming a new theory. We interpret the processes the theory undergoes in terms of condensation, spontaneous symmetry breaking, splitting of particles. Mapping the complete phase diagram of D(S3), we find two distinct groups of phases: quantum doubles of subgroups of S3, and a non-trivial emergent chiral phase, SU (2)4. arXiv:1805.00032v1 [quant-ph] 
I. INTRODUCTION
Understanding phase transitions and critical phenomena of physical systems is an important step in understanding properties of physical materials and fundamental physical processes. Classical phase transitions, e.g. magnetic transitions of the Ising model are wellunderstood, and are described by Landau's theory, using a free-energy description of the processes [1] . Therein the free energy, a local function of the state of the system, undergoes a change where it encounters a discontinuity (first-order phase transition), or a discontinuity of a higher-order nth derivative (nth-order phase transition).
Quantum phase transitions occur as a result of a change in the Hamiltonian of a quantum system, when slowly changing from one Hamiltonian to another the system passes through a critical point of non-analiticity. This could happen at a point where the ground state and the first excited state produce a level-crossing (the gap closes), or even when the gap becomes small enough that it would close in a limit. The classic description of Landau's theory can be extended to provide a faithful description of these processes as well, through a quantumclassical mapping [1] .
An important concept of Landau's theory is the existence of a local order parameter, that characterizes the state of the system. This is the main parameter of the free energy function, and the form of the function is inferred using existing symmetries of the system. However, introduce topological theories, and Landau's theory breaks down. Topological order, an inherently non-local property, can't be captured through a local order parameter. As a result, changes in the topological order of a field theory can't be described using this classic framework. An accurate description of topological phase transitions would help us understand more about the nature of topological order.
One well-known theory exhibiting topological order is the quantum double construction, introduced by Kitaev in Ref. [2] . This is a family of 2D spin theories on a lattice, with a Hamiltonian whose ground state exhibits topological order. This means that there exists no local parameter that characterizes the ground state, and as such, quantum doubles are prime candidates for storing quantum information in: information stored in their degenerate ground space won't decohere due to local noise from the environment. The specific quantum double, and thus the specific topological order such a theory realizes depends on the group, G that is used to build the quantum double. As a result, quantum doubles built around different groups would have different topological properties.
In this work, we analyze phase transitions of quantum doubles, induced by changing the set of allowed excitations (anyons) in the theory. A correspondence between the set of anyons in a field theory, and the topological order of the ground state has been established in Ref. [3] . Therefore, anyons of a theory may be treated as a signature of topological order, a concept we will revisit in the Discussion section of this paper.
We focus our analysis on the simplest non-Abelian quantum double, D(S 3 ), and investigate what processes this double undergoes when we remove (or forbid) certain anyons from the theory, i.e. we don't allow their creation either through fusion of other particles, or through thermal processes from the vacuum. More precisely, we forbid conjugacy classes and irreducible representations of the group, which leads to forbidding anyons (or parts of their internal Hilbert spaces). We interpret the mathematical steps of our calculations as physical processes: condensation, (spontaneous) symmetry breaking, and splitting of particles.
We make an exhaustive map of the phase diagram of D(S 3 ) (for an illustration, see Fig. 1 ). Among the new phases we find quantum doubles of subgroups of S 3 , as well as the theory SU (2) 4 . While the emergence of theories based on subgroups is to be expected (as we decrease the set of allowed anyons), the fact that the double D(S 3 ) can transition into SU (2) 4 is intriguing. It is especially interesting in light of a recent proposal [4] to utilize the anyons of SU (2) 4 to build a universal gate-set for quantum computation.
This paper is organized as follows. In Sec. II we provide a general review of anyons and anyonic data (Secs. II A-II B) and introduce the Abelian and non-Abelian theories that appear in this paper (Sec. II C). Then, in Sec. III we will give an overview of the physical processes a quantum double might undergo during a phase transition; this is in fact a summary of all processes found in the later sections, with their physical interpretations. In this section, we also give a detailed description of our mathematical protocol, used to obtain the results of this paper. In Sec. IV, we demonstrate this protocol on three cases of phase transitions: one transition yields D(Z 3 ), while the other two result in the chiral model SU (2) 4 . Until this point our analysis focuses only on the anyons, and the field theory aspects of quantum doubles. In Sec. V we investigate possible ways to realize these phase transitions, using the standard lattice description. We argue that while strictly speaking a global projection might be necessary to induce a phase transition, this can be approximated by adding local terms to the topological Hamiltonian of the model. Sec. VI is a summary of our results and further directions. Finally, the appendices contain additional mathematical properties of the doubles discussed in this paper (Appendix A), and the complete analysis of all phases of D(S 3 ) that are not presented in the main text (Appendix B).
II. ANYONS IN FIELD THEORIES
We start by introducing the concept of anyons, and that of non-Abelian anyons (Sec. II A). Anyons can emerge as excitations of two-dimensional field theories, their exchange statistics differ from the trivial statistics of bosons and fermions. In Sec. II B we will present the mathematical framework for the description of anyons, including the concept of the braiding S-matrices and fusion rules. Then, in Sec. II C we introduce a few theories with anyonic excitations. We provide four examples: Abelian theories D(Z 2 ), widely known as the toric code, and D(Z 3 ), as well as the non-Abelian theories SU (2) 4 and D(S 3 ), the latter being the central object of this paper.
A. Anyons and labeling
In two-dimensional field theories, excitations can have esoteric exchange statistics, unlike those of bosons and fermions. Denoting the (counterclockwise) exchange operation of particles a and b by R ab , doubly exchanging said particles of a two-dimensional theory in general can yield
where U a,b is a unitary transformation acting on the joint wave function. If the effect of U a,b is a simple (nontrivial) phase: exp(iϕ), then we call a and b Abelian anyons, otherwise they are non-Abelian. Following Ref. [5] , we can introduce flux-and chargelabels for the anyons. The flux labels are elements of a group g ∈ G, and the charge labels are irreducible representations, or irreps of the same group G. These two labellings, in fact, provide two complementary resolutions of the Hilbert space of an anyon:
Anyons that only have a non-trivial flux, or a nontrivial charge label, are called fluxons or chargeons, while their other label is trivial. Anyons with both a non-trivial flux and charge label are called dyons.
Due to the transformations fluxons undergo when braided with each other, it is not possible to use a group element g as a globally agreed upon label for a fluxon [5] . Rather, the gauge-invariant flux labels are conjugacy classes C g of G:
Definition 1 (Conjugacy class).
We can find this flux label of an anyon by braiding the unknown anyon with known chargeons (labeled by irreps of G), i.e. transporting known chargeons around the unknown fluxon (see Fig. 2 ). We can similarly find the charge label of an anyon by braiding it with known fluxons. However, when we try to find the charge label of a dyon this way, we don't have access to the specific label Γ G (an irrep of G) [5] . Rather, the gauge-invariant charge label of a dyon that has flux g: is an irrep of the normalizer group of g.
Definition 2 (Normalizer)
.
The normalizer of an element of G is always a subgroup of G. Furthermore, even though the exact normalizer group will depend on the specific choice of element z, the normalizer groups N z are isomorphic to each other for all z ∈ C g . 
B. Anyonic data
Having reviewed how to label anyons, we would like to introduce the mathematical objects which encode the information about the anyon model, in particular the Smatrix, the fusion rules and the quantum dimensions.
S-matrix
The S-matrix encapsulates the braiding relations of the different anyons. Formally, the S-matrix elements are the amplitude probabilities of braiding events described in Fig. 3 .
The S-matrix is unitary and for the models in the focus of this paper (quantum doubles) it can be computed from the representation theory of the underlying group thanks to the formula [6, 7] 
where χ Γ (z) = Tr(Γ(z)) is the character of representation Γ.
For completeness, let us state that the S-matrix is not sufficient to uniquely identify an anyon model. For instance, the quantum double of the dihedral group of degree 4, D 4 and the quantum double of the quaternion group Q have the same S-matrices yet different anyon models. The S-matrix of D(D 4 ) is worked out in [8] while the S-matrix of D(Q) is worked out in [9] . One also needs to provide the T -matrix which encapsulates the topological spin of each anyon. For quantum doubles, i.e. most theories appearing in this paper, the T -matrix can be computed thanks to
where e is the identity element of group G.
Fusion rules
In addition to braiding, fusing two anyons is an essential feature of an anyon model. Suppose two anyons are next to one another. One would like to treat them as a single anyon, and identify the properties of this resulting anyon. The resulting anyon is the fusion of the two original anyons. In the absence of information about the particular state of the two original anyons, the best description of the fusion state is summarized by listing the allowed fusion channels. This information is captured in the N -symbols:
where N c ab is the multiplicity of particle c when fusing anyon a with anyon b. In a non-Abelian theory, at least one fusion has two (or more) possible fusion channels, making the result of that fusion non-deterministic.
An important feature of the fusion rules is that for any anyon type a there exists a unique anyon type a −1 such that the vacuum is a possible fusion outcome. The corresponding anyon is called the antiparticle of a.
Having defined an antiparticle, one can capture all the information about the braiding of anyons into the topological S-matrix whose elements are the amplitudes of the different braiding processes:
where b −1 is the antiparticle of anyon b. Eq. (6) in the previous section was a special case of this formula. Fusing and braiding are not independent but related by the Verlinde-formula:
where 1 is the trivial anyon (vacuum). This relates the S-matrix to the N -symbols.
Quantum dimensions
The quantum dimension d a of anyon a is the dimension of the space of anyon a, and is related to the number of internal degrees of freedom the anyon has. The fact that an anyon might have more than one internal degree of freedom, we will refer to as that anyon having different flavors. Abelian anyons necessarily have d a = 1, while non-Abelian anyons have quantum dimension d a > 1.
The definition of quantum dimensions is through the fusion rules: the fusion space of a pair of anyons needs to be equal to the combined space of the outcome-anyons, taking their multiplicity into account. I.e. a fusion of anyons a and b in the form of Eq. (8) means the quantum dimensions of participating anyons are [10] :
Quantum dimensions need not be integers. The total quantum dimension of a topological theory is then the square-sum of the quantum dimensions of all anyon species in the theory:
C. Theories with anyonic excitations
In this section we will review the theories that appear in this paper. We discuss two Abelian theories: the doubles D(Z 2 ) and D(Z 3 ), as well as two non-Abelian theories: the Chern-Simons theory SU (2) 4 , and the simplest non-Abelian double D(S 3 ), which is in the focus of this paper.
D(Z2), the simplest Drinfeld double
One algebraic model that produces anyons is the Drinfeld double. The Drinfeld double of group G, D(G) is a quasi-triangular Hopf-algebra [11] , with elements in the form of pairs of g, h ∈ G: (g, h), hence the name "double" for this theory. The irreducible representations of this algebra describe anyons, Abelian ones if the group G is Abelian, and non-Abelian anyons if G is non-Abelian.
Anyons in Drinfeld doubles have flux and charge labels, just as the anyons of Sec. II A. The flux labels are conjugacy classes of G. Charge labels of anyons are either irreps of G (for chargeons), or irreps of normalizer subgroups of G (for dyons).
The simplest Drinfeld double is the toric code, based on G = Z 2 : D(Z 2 ); it has Abelian anyons. Let us look at this example.
The group Z 2 has two elements: {e, x}, where e is the identity, and x · x = e.
Then, the elements of the algebra D(Z 2 ) are:
Meanwhile, anyons of this theory are labeled by conjugacy classes and irreps. The conjugacy classes of Z 2 are simply its elements:
and these are the flux labels of the theory. The normalizers of both of these conjugacy classes/elements are the full group, Z 2 . Thus, the irreps labeling the charges are irreps of Z 2 : Γ Z2 1 and Γ Z2 −1 , regardless of the flux content of the anyon. (See the appropriate subtable in Table III for these irreps.) The traditional electric and magnetic excitations of the toric code are shown in Fig. 4 . These anyons are the simple juxtapositions of a flux and a charge label. The chargeon e and the fluxon m inherit their fusion rules from Z 2 :
and e × m = em.
Similarly, em × e = m, em × m = e, and em × em = 1.
D(Z3)
Another theory with Abelian anyons is D(Z 3 ), the double of the cyclic group of order 3. This theory plays a role in Sec. IV.
The group Z 3 has three elements: {e, y, y 2 }, with y 3 = e. The double D(Z 3 ) then has 9 distinct elements of its algebra, in the form of {(g, h)|g, h ∈ Z 3 }.
The flux part of anyons of the model are labeled by conjugacy classes of Z 3 :
each corresponding to a flux label from the set {triv, m 1 , m 2 }.
As the normalizer subgroups of each of these conjugacy classes are Z 3 itself, the charge content of anyons are labeled by irreps of Z 3 : Γ 1 (trivial flux), Γ ω (e 1 ) and Γω (e 2 ) (see the appropriate subtable in Table III for these irreps, ω andω ≡ ω 2 are the third complex roots of unity). Each of these introduce a charge label, forming the set of charge labels: {triv, e 1 , e 2 }.
All 9 anyons of the theory are the simple combinations of a flux and charge label from these sets: there's the vacuum (1, it has a trivial flux and trivial charge label), there are two distinct chargeons (e 1 and e 2 ), two distinct fluxons (m 1 and m 2 ), and four dyons (e 1 m 1 , e 1 m 2 , e 2 m 1 , e 2 m 2 ).
All anyons of D(Z 3 ) are Abelian, and their fusion rules can be inferred from the fusions of pure chargeons and fluxons. For the chargeons:
and the rules are identical for the fluxons. For additional details of this model, please refer to Ref. [12] . The Smatrix is provided in Appendix A of the current paper.
The theory SU (2)4
One theory with non-Abelian excitations is SU (2) 4 , which will play a role in Sec. IV.
An SU (2) k theory is a "q-deformed" version of the SU (2) theory, with q = exp(2πi/(k + 2)) (k is an integer) [12] . It is also a Chern-Simons field theory with the choice of gauge group G = SU (2) and with a coupling constant k [13] . These are the archetypical topological quantum field theories, relevant to the fractional quantum Hall states with filling fraction 1/k (when k is odd).
The theory SU (2) 4 is then an SU (2) k Chern-Simons theory with coupling k = 4. Unlike other theories reviewed in thie section, SU (2) 4 is chiral. We can gain intuition about its anyons by considering the group SU (2), truncated at spin k/2 = 2. Thus the set of spins (and anyons) of the theory:
Some of their fusion rules can be inferred from fusing spins in SU (2), for example:
The complete list of fusion rules is shown in Table I . For additional details of this model, see Refs. [12, 13] .
D(S3)
Another theory exhibiting non-Abelian anyons is D(S 3 ), the simplest non-Abelian double. It is based on the smallest non-Abelian group, the symmetry group of order 3: S 3 . This group is isomorphic to the symmetry Considering the double D(S 3 ), one can then dutifully enumerate all the elements of the algebra: they will be in the form of {(g, h)|g, h ∈ S 3 }, and there will be a total of 36 of them. However, the anyons of this model, similarly to those of D(Z 2 ) and D(Z 3 ) will be labeled by conjugacy classes and irreps of normalizer subgroups of S 3 .
Fluxes of the double are labeled by the conjugacy classes of S 3 :
The charge labels of D(S 3 ) will be irreps of normalizers. The normalizers of S 3 are
Notice that sometimes normalizers of different elements of a conjugacy class differ (e.g. for elements x, xy and xy 2 above), however, as remarked in Sec. II A, these are isomorphic to each other. Thus, the irreps on them will be identical.
The irreps of each of these normalizer subgroups are listed in Tables II-III; the irreps of N Cg are the possible charge labels for a dyon with flux label C g . In those tables, and for the remainder of this paper, ω = exp(2πi/3) andω = ω 2 = exp(4πi/3) are the third complex roots of unity.
The full list of anyons of D(S 3 ) is given in Table IV . Other properties of D(S 3 ), such as the complete set of fusion rules of its anyons, and its S-matrix can be found in Appendix A.
S3
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Relation between anyons
One peculiar mathematical property of Drinfeld doubles D(G) is the relation of irreps of G to the irreps of its normalizer subgroups. It turns out that while gauge-invariant charge labels of dyons are indeed irreps of normalizers, these can be connected to irreps of the full group, G. For example, for D(S 3 ) we find that the various charge labels are related to each other through restriction of irreps. If we restrict irreps of S 3 to the normalizer group N x :
Similarly, restricting irreps of S 3 to the group N y :
The diagram in Fig. 6 , which is a generalized, non-Abelian version of Fig. 4 , now for D(S 3 ), summarizes these connections. Rows of this diagram correspond to flux labels (conjugacy classes) of the theory, and in the rows anyons are shown that are labeled by those flux labels. Notice that there are six rows of the diagram, while only three flux labels: each flux label incorporates as many rows as is the cardinality of the appropriate conjugacy class; and we may think about each individual row as labeled by a specific element of the conjugacy class.
Columns of the diagram are labeled by irreps of the group S 3 : the three irreps Γ S3 1 , Γ S3 −1 and Γ S3 2 each label as many columns as is the number of independent parameters for that irrep (1 and 1 for the one-dimensional irreps, and 4 for the two-dimensional irrep). Anyons are distributed amongst these charge labels according to their charge labels. An anyon label is shown in a certain column if and only if that anyon has charge flavors described by that charge label. We can deduce these relations by taking the irrep splitting relations Eqs. (41)-(46) into account.
The connection between anyon labels and irreps of S 3 detailed here will have an interesting consequence for any analysis conducted for this double. If we were to fundamentally modify all elements of the algebra related to an irrep of S 3 , several anyons and anyon flavors would be affected by that: all of those related to the modified charge label through these intricate irrep-restrictions. As an example, modifying (e.g. completely removing) the charge label Γ S3 −1 would not only have an effect on anyon B (the one directly labeled by Γ S3 −1 ), but also on anyons E and F , as some of their charge flavors are related to the modified irrep Γ S3 −1 (see Fig. 6 ). An additional useful property of the diagram in Fig. 6 is that the number of distinct squares corresponding to an anyon equals its squared quantum dimension [14] , each distinct square of the diagram representing a different flavor of that anyon. Meanwhile, the total number of squares in the diagram (36) is exactly the square dimension of the total quantum dimension of this theory. These properties will be utilized in our analysis in Sec. IV to predict dimensions of new anyons, obtained by forbidding some of their flavors through the forbiddance of some of the charge and/or flux labels.
As a final note, we'd like to point out that such connections between irreps of the full group G and irreps of the normalizer subgroups can always be established, for any group G, and a diagram equivalent to Fig. 6 can always be drawn [14] . For Abelian doubles (G = Z d ), these connections will be trivial. The normalizer subgroups in such a case will be the full group, G, thus the irreps of G and those of the normalizers will be exactly the same. For non-Abelian doubles, the connections will be more interesting, as there will be non-trivial normalizer subgroups, whose irreps will sometimes split (Eqs. (44)-(45) above), sometimes merge (Eq. (43) or Eq. (46)) to yield an irrep of G. Connections between the sets of labels
Cx, Cy} and (flavors of) anyons of D(S3). The number of rows and columns for each flux and charge label correspond to the number of distinct flavors that label describes. The number of squares corresponding to an anyon label is the squared dimension of that anyon.
III. PHASE TRANSITIONS IN DRINFELD DOUBLES
In this paper we analyze phase transitions in Drinfeld doubles, induced by forbidding one (or several) flux or charge labels. Anyons described by the forbidden label cannot be created, both as thermal excitations from the vacuum, and through braiding/fusions of other anyons. Forbidding anyons in the double D(G) will modify the dynamics and result in the emergence of a new theory for the unforbidden set of anyons.
In Sec. III A we review the physical processes the double D(G) undergoes through these phase transitions. Then, in Sec. III B we present the mathematical procedure for modeling the transitions, and how one can find the proper emergent theory in all cases. We will present our detailed analysis of the phase transitions in D(S 3 ) in Sec. IV and in Appendix B.
A. Mechanisms of phase transition
To find the new topological theory emerging after forbidding flux and charge labels, one can picture that the original theory, i.e, D(G), undergoes a series of physical processes. These processes are conceptual tools to illustrate the way the topological model restructures itself. This representation of our results is complementary to mathematical transformations on the S-matrix, a procedure described in Sec. III B.
Those processes, which we will review in details in the following paragraphs are 1. Forbiddance of certain anyons, related to the for-bidden label; 2. Condensation of some particles, i.e., they become indistinguishable from the vacuum;
3. Non-Abelian anyons with quantum dimension larger than one splitting up into lower-dimensional anyons, due to their previously indistinguishable flavors becoming distinguishable in the new theory;
4. (Additional) partial forbiddance/spontaneous symmetry breaking of anyons.
Forbiddance
Anyons that are never created in the new theory, because of forbidding a label (a conjugacy class or an irrep of G) they are related to, become forbidden. This is a fundamental process that happens in every one of the phase transitions we consider. In fact, forbiddance of these particles is what induces the other processes listed in the current section.
Forbidden anyons are neither created through fusion, nor from the vacuum. These constraints have a practical significance for our calculations, as we will use these properties to find the new theories. In particular, our findings will be justified by performing transformations on the S-matrix, a mathematical procedure described in Sec. III B.
Condensation
In certain cases the resulting set of anyons after forbiddance will not form a valid theory. In these cases, however, some particles become indistinguishable from the vacuum, and condense to it.
This happens when through forbiddance we remove the full set of anyons that have made the now indistinguishable anyons previously distinguishable in the original theory. For example, anyons A (the vacuum) and B of D(S 3 ) are only distinguished through their braiding relations to anyons labeled by the conjugacy class C x (anyons D and E). Thus, when we forbid C x in Sec. IV A, anyon B condenses to the vacuum, A.
We identify these processes through the S-matrix of the new theory: when the new S-matrix has identical (or linearly dependent) entries for two particles, that is an indicator that those two particles have become indistinguishable from each other in the new theory.
Splitting of particles
Anyons with dimension higher than 1 in the original model sometimes split up into two or more 1-dimensional anyons in the new theory. This splitting happens when the different flavors of the anyon in question, indistinguishable in the original model by braiding or fusion, become distinguishable in the new theory. Thus, the newly distinguishable states form separate anyons.
Mathematically, this process can be shown by relating the S-matrix of (the new) theory A to the S-matrix of (a different) theory B. If by merging anyons g and h in theory B we arrive to the S-matrix of theory A, with merged anyon gh, we conclude that the gh anyon of theory A could split up and become the anyons g and h in theory B.
An example of this is analyzed in Sec. IV A. After anyon B condenses to the vacuum, we arrive at an Smatrix that is identical to the matrix we get when we merge fluxes and charges in D(Z 3 ). Thus, the emergent theory of Sec. IV A, and the quantum double D(Z 3 ) are related through a series of condensation and splitting of anyons.
Partial forbiddance, Spontaneous symmetry breaking
Partial forbiddance of an anyon happens when flavors otherwise indistinguishable split up in a way that some of the flavors become completely forbidden, while others remain unaffected.
When partial forbiddance emerges as a process induced by previous forbiddance and condensation processes, the accompanying symmetry breaking is spontaneous. Alternatively, when partial forbiddance is forced unto the model, the symmetry breaking is not spontaneous. Examples of both versions can be seen in Secs. IV B-IV C.
Both versions of partial forbiddance will lead to the anyons in question losing some of their flavors, and as a result their quantum dimensions will decrease accordingly.
B. Our protocol
The protocol to find the new theories emerging from D(G) is the following. First, we forbid a (set of) conjugacy classes and irreps, i.e. all anyons and anyon flavors related to those labels. They won't be created either from the vacuum or through fusion processes. Then, we will construct the S-matrix of the new theory, based on the new set of fusion rules for the subset of unforbidden anyons.
Truncating fusion rules
To enforce forbiddance of anyons, we start with the original fusion rules of D(G) and truncate them, so that the forbidden anyons are never created.
Constructing the N -symbols
We use the remaining (now closed) set of fusion rules to construct the N -symbols (see Eq. (8)) for each particle. In this step we can utilize an anyon-diagram of D(G), a generalized version of Figs. 4 and 6, that encapsulates the relation between irreps of G and irreps of its normalizer subgroups. We are guided by the assumption that the quantum dimensions of anyons are those inferred from this diagram, i.e. the quantum dimension changes according to the diagram when the anyon in question is partially forbidden, otherwise it is unchanged from the dimensions of D(G). However, in certain cases assuming the quantum dimensions this way doesn't yield a valid theory, particularly when a spontaneous symmetry breaking is among the physical processes. In those cases we aim to find a theory with the appropriate fusion rules only, and disregard (some of) the values of quantum dimensions.
Inverting the Verlinde-formula
We then compute the eigenvalues of the N -symbols, and use the relation between these eigenvalues and the elements of the S-matrix [15] to invert the (10) Verlindeformula and reverse-engineer the S-matrix. Throughout this process, we use the symmetries of the S-matrix of the original D(G) model, only to make a choice between new S-matrices that otherwise equivalently reproduce the fusion rules and quantum dimensions of the new model. We find the prefactor (or the exact entries, rather than simply their relative values) of the S-matrix by enforcing that it be unitary.
If we arrive at an S-matrix that has linearly dependent entries for certain anyons (it does not recreate all the fusion rules we have started with, and is not unitary in these cases), we conclude that further physical processes will happen: condensation of some particles. For a list of the possible physical processes, see Sec. III A.
IV. PHASES OF D(S3)
In this section we will present phases that can emerge from the theory D(S 3 ) through a series of physical processes, outlined in Sec. III. We focus on D(S 3 ) as it is the simplest non-Abelian double, and as such novel theories could emerge from it.
We consider all combinations of charge and flux labels of D(S 3 ), and derive the theory that emerges as a result of forbidding each set of labels. The exact protocol to find the emerging theories is outlined in Sec. III B. We include three representative phases in this section, as well as the detailed analysis of how those theories emerge from D(S 3 ). The complete description of all possible emergent theories is in Appendix B.
A. Forbidding the conjugacy class Cx leads to D(Z3) Let us first give a high-level, intuitive overview of what happens when we forbid the conjugacy class C x .
First, simply concentrate on the group S 3 = {e, x, xy, xy 2 , y, y 2 } instead of the double D(S 3 ). Then, remove the elements C x = {x, xy, xy 2 } from this group. The remaining set of elements is {e, y, y 2 }, which themselves form a group: Z 3 .
It turns out that when we do the same procedure for D(S 3 ), and forbid the conjugacy class C x (i.e. the elements {x, xy, xy 2 } among the flux labels), the remaining set of anyons will form the theory D(Z 3 ).
However, this parallel is not at all trivial, as we have never considered the charge labels in this argument. What happens is the following process.
Step 1 -Forbidding the conjugacy class C x confines anyons D and E of the original model, leaving the set {A, B, C, F, G, H}.
Step 2 -As anyons A and B only differ through their braiding relations with, the now forbidden, anyons D, E (see Appendix A), anyons A and B will become indistinguishable in the new theory. B will condense to the vacuum, A.
This induces the partial forbiddance of C, F, G, H, which all lose their antisymmetric charge subspaces (as the fundamental antisymmetric chargeon, B disappeared).
Notice, that this is the step where all antisymmetric charge flavors disappear, necessary for the eventual emergence of D(Z 3 ). (Just as removing the C x labels from the flux flavors was necessary.)
Step 3 -This is followed by the split-up of higherdimensional anyons C, F, G, H into two distinct 1dimensional, Abelian anyons each. This split-up can happen, as the fluxons previously making their flavors indistinguishable were part of the C x conjugacy class, now forbidden.
For example, anyon F originally had two flux flavors: y and y 2 , being indistinguishable due to the braiding process xyx = y 2 , which would transform one flavor to the other. After forbidding the class C x , such a process is now forbidden, and the y and y 2 flavors of F become distinguishable.
The final set of anyons is thus:
. Labels in the form of X a and X b correspond to two distinct one-dimensional flavors of anyon X, which have split up to form two separate anyons. The correspondence between standard labels of D(Z 3 ) and our labels is shown in Table V. The process described above is shown in Fig. 7 .
Proof
We can prove that anyons of D(S 3 ) indeed undergo the above process by following the protocol detailed in 1 e1 e2
Table V. Correspondence between standard anyon labels of D(Z3) and anyon labels evolved from of D(S3), when forbidding the conjugacy class Cx. Sec. III B. Throughout this proof, we will refer to the steps numbered in the overview given above, which coincide with the steps shown in Fig. 7 .
Step 1 -The first step in this physical process is the forbiddance of anyons D, E. In our protocol, we truncate the fusion rules of D(S 3 ) for the remaining set of particles {A, B, C, F, G, H}, these truncated rules are shown in Table VI .
Using the new set of fusion rules we can construct the new S-matrix, following our protocol, and we have:
Now, we can state the following two lemmas:
Step 2 )). Anyon B condenses to the vacuum, and the following S-matrix describes the emerging theory:
Proof. We transform the (47) S-matrix from its current basis Proof. We transform the matrix (A1) from its current basis {1, e 1 , e 2 , m 1 , m 2 , e 1 m 1 , e 2 m 1 , e 1 m 2 , e 2 m 2 } to a new basis, which is: In this new basis we find the S-matrix is blockdiagonal, the "upper block" is formed by the first 5 anyons (symmetric block), the "lower block" is formed by the last 4 anyons (antisymmetric block).
We can drop the antisymmetric block, on the basis that it doesn't include the vacuum state, and if we were to add the vacuum to it, we would get a pathological S-matrix with all zero entries for the first row and column. This leaves us the symmetric block, whose entries are identical to those of Eq. (48).
Combining Lemmas 3 and 4 we can conclude that the theory emerging by forbidding the conjugacy class C x will undergo a condensation (Step 2 ), followed by splitting of anyons (Step 3 ), and form D(Z 3 ).
B. Forbidding the conjugacy class Cy leads to SU (2)4
Just like in Sec. IV A we may try to understand the effect of forbidding C y through a high-level argument. As there, let's start by looking at the group S 3 only, rather than the double D(S 3 ).
Forbidding the elements C y = {y, y 2 } in S 3 would leave the set of elements {e, x, xy, xy 2 }. However, in this set there is nothing to distinguish between the different flavors of C x , that is between x, xy and xy 2 . Therefore, a spontaneous symmetry breaking happens, and the set of allowed elements transitions into {e, x} (or {e, xy} or {e, xy 2 }, all are equivalent). The resulting set is isomorphic to the group Z 2 .
Based on this argument, one might argue that forbidding C y in the quantum double D(S 3 ) will transform it into the quantum double of Z 2 : D(Z 2 ). However, this would be incorrect. Notice that the above argument only concerns the flux labels of the double, and doesn't address the resulting effect on the charge flavors. In fact, the charge flavors remain unaffected! (Note, that this is unlike the case investigated in Sec. IV A. While there the charge flavors weren't immediately affected either, condensation was induced and that eventually modified the allowed set of charge flavors.)
As the forbiddance of C y only concerns the flux labels, the resulting theory won't be the simple D(Z 2 ), rather it could be a non-trivial theory. It turns out to be SU (2) 4 .
These are the steps that happen (and while the above argument didn't yield the correct theory, it is still helpful to consult the steps the group S 3 underwent after forbidding C y ):
Step 1 -The process starts with the forbiddance of anyons F, G, H.
Step 2 -This in turn induces the partial forbiddance (or spontaneous symmetry breaking) of anyons D and E. This happens because by forbidding the full conjugacy class C y we forbade the flux labels y, y 2 , the exact fluxes that could transform one flux flavor of D or E (e.g. flavor x) into another flux flavor (to xy or xy 2 ), through braiding. Thus, only one flux flavor of them will remain, be it x, xy or xy 2 (hence the spontaneous symmetry breaking).
At the end, we are left with the set of anyons {A, B, C, D, E}, where D and E have modified dimensions compared to the original D(S 3 ) theory: we predict this modified dimension to be √ 3 for both D and E, based on the pictorial argument shown in Fig. 8 . This set corresponds to SU (2) 4 through:
with the notation for anyons of SU (2) 4 explained in Sec. II C 3.
Proof
We follow the protocol outlined in Sec. III B. We start by truncating the fusion rules of D(S 3 ) to the subset of anyons {A, B, C, D, E}, these are shown in Table VII .
We use this new set of fusion rules to reverse-engineer the corresponding S-matrix, as explained in Sec. III B. This yields the matrix
which is identical to the S-matrix of SU (2) 4 [12] . Further, the quantum dimensions in this new theory match the original quantum dimensions for A, B, C, and agree with our prediction for the new, decreased dimensions of D and E.
C. Forbidding the irrep Γ2 leads to SU (2)4
Forbidding the 2-dimensional irrep Γ 2 will induce a similar process to that detailed in Sec. IV B. The only difference is that the two steps detailed there have merged into a single step here:
Step 1 -The forbiddance of Γ 2 immediately forbids anyons C, G, H. Furthermore, it immediately forbids parts of D and E, their flavors related to the 2dimensional irrep.
The symmetry breaking/partial forbiddance of D, E is similar to the one that was induced in Sec. IV B, to the extent that the quantum dimensions of the forbidden spaces are the same in the two situations. Here, however, the partial forbiddance is not spontaneous: the forbidden flavors are those related to the Γ 2 irrep.
The set of remaining anyons is then {A, B, D, E, F }, with D, E both having modified dimensions of √ 3 once again. Notice, that with the exchange of F to C it is the same set of anyons as in Sec. IV B. The process described here is shown in Fig. 9 .
The set {A, B, D, E, F } corresponds to SU (2) 4 through:
for the notation of anyons of SU (2) 4 , see Sec. II C 3.
The proof is completely identical to the proof in Sec. IV B. Simply start by truncating the fusion rules of D(S 3 ) to the current subset of anyons {A, B, D, E, F }, then follow the same steps.
V. LATTICE REALIZATION
Until this point, we have been analyzing field theories: we have started with a Drinfeld double, D(G), enumerated its irreps (the anyons of the model), and drawn connections between those irreps, through the usual labels (conjugacy classes and irreps of the group G). We have introduced the concept of "forbidding a label", which leads to forbidding anyons of the theory, and analyzed what other theories emerge, when the double is D(S 3 ).
In this section, we present a way to physically realize Drinfeld doubles: Kitaev's quantum double construction [2] . We introduce the physical lattice and the corresponding Hilbert space in Sec. V A, the states of which correspond to the elements of a Drinfeld double. Based on this Hilbert space we provide a high-level picture of what we meant by "forbidding labels" in Secs. III-IV. Then, in Sec. V B we introduce a Hamiltonian to this system, the excitations of which will be the anyons, corresponding to the irreps of the algebra D(G). The introduction of this Hamiltonian will allow us to give a more concrete protocol to realize the phase transitions discussed in this paper.
A. Projecting out part of the Hilbert space
Quantum doubles, introduced by Kitaev [2] , are a way to realize the excitations of a Drinfeld double of group G, D(G) in a many-body, nearest-neighbor interacting lattice system. We assign a qudit Hilbert space of dimension |G| to every edge of the lattice, as well as a direction to each edge, pointing from one end of the edge towards the other.
The lattice geometry can be chosen to have an arbitrary graph structure, in this description we will focus on a square lattice. Then, anyons of this model live on sites formed by 6 qudits: the combination of the 4 qudits of a vertex and 4 qudits of a plaquette, with 2 qudits overlapping (see Fig. 10 ). The inner structure of a site, the fact that it is formed by a vertex and a plaquette, has significance, as the chargeon part of an anyon lives on the vertex, and the fluxon part lives on the plaquette. Now, we're in a position to talk about the process of "forbidding", ubiquitously present in the current paper. In this lattice description, we can interpret the forbiddance of certain anyons or anyon labels by projecting out part of the Hilbert space, the parts that contains the forbidden labels. As a result of such a complete projection, the theory will transition to a new theory, with a Hilbert space that is a subspace of the original one:
where |g i i is the state of the qudit of edge i. For example, when the emergent theory is a quantum double itself:
We can illustrate this point by considering the ground state of the Hamiltonian in a string-net representation [17] . The ground state will be the sum of distinct stringnet configurations, whose terms can be grouped into two separate sets: those containing strings of the forbidden anyon(s), and those that are formed only by the (still) allowed set of anyons. In this representation, the effect of the projection (50) on the ground state will simply correspond to removing one set of string-net terms from this sum.
Simple as it may sound, the operation (50) can't be realized unitarily on the system. Furthermore, it is unclear how to build such a projector from local projections unto lattice sites. While the local operations could successfully remove the forbidden excitations at all sites, they wouldn't remove states of the Hilbert space which have none of the forbidden excitations, but have condensation loops of the forbidden anyon (such as the string-net terms mentioned in the previous paragraph).
Instead, we will now introduce a way to approximate this projection. Here we will present this for D(S 3 ), but all facts in Sec. V B can be stated for a quantum double of any general group, D(G) [14] .
B. Tuning a Hamiltonian
In the previous work [14] , we introduced two sets of orthogonal projectors unto the space of a single site of a quantum double: one set of charge projectors, and one set of flux projectors. The charge projectors act on vertices, the flux projectors act on plaquettes, while an anyon lives on the combination of the two (see Fig. 10 ). Hence, these projectors are all 4-local.
Charge projectors correspond to irreps of the whole group (S 3 in this case), and the flux projectors to conjugacy classes of the group. Therefore, for D(S 3 ), there are three charge projectors and three flux projectors. The two sets individually provide a full orthogonal resolution of the Hilbert space of a site. Furthermore, all those projectors commute pairwise.
Using these (or a subset of these) 4-local projectors to construct a quantum double Hamiltonian will result in a peculiar property of the resulting model: anyons of the double won't be in one-to-one correspondence with the energy eigenspaces of this Hamiltonian [14] . Depending on the exact flavor of an anyon, the Hamiltonian would assign a different energy to it.
In order to obtain a fully topological model, we instead need to construct a Hamiltonian with 6-local projectors, projecting unto all six qudits of a site. Then, we may utilize the 4-local projectors by adding them to a quantum double with a topological (6-local) Hamiltonian. Tuning the couplings of the newly added projectors, we can achieve phase transitions as a limit of the original double D(S 3 ). The images of these projectors are straightforward:
where the anyon labels A-H denote the subspace of a site corresponding to having that anyon present at that site. (See Table IV for the list of anyons of D(S 3 ).)
The set of charge labels on which the charge projectors are based are the irreps of S 3 (Table II) . Then, we can introduce the three projectors
acting on vertices of the model. They are of rank 1, 1 and 4, in order, following the (square) dimensionality of the irreps they are based on. These three projectors span the vertex (charge) space of a site, and the charge labels Γ S3 1 , Γ S3 −1 and Γ S3 2 provide an orthogonal basis for all charge flavors. This resolution of the Hilbert space of a site is complementary to the resolution provided by the three flux projectors.
For non-Abelian doubles, the images of these projectors are less trivial than those of the flux projectors. For D(S 3 ) they are:
where anyon labels with subscripts (e.g. D 1 , E 1 , F 2 ) denote orthogonal flavors of anyons on a site [14] . Equations (52)-(54) and (55)-(57) are summarized in Fig. 11 .
It is key throughout these sections that (some of) the 4local projectors presented here are not topological. Even though they form an orthogonal and commuting set, in their images certain anyons will split, depending on the flavor of the anyon. Physically, this means that adding such a 4-local projector to the Hamiltonian of D(S 3 ) will result in the new Hamiltonian distinguishing between flavors of the same anyon, i.e. yielding different energies based on the exact inner state of the anyon [14] .
For example, anyon D has two flavors: D 1 and D 2 . While D 1 is in the image of A Γ1 (Eq. (55) ), thus it is a chargeon, the other flavor D 2 is in the image of the A Γ2 projector (orthogonal to A Γ1 ) therefore it is should be considered a dyon (Eq. (57) ). The standard Hamiltonian introduced in Ref. [2] 
assigns energy −1 to the D 1 flavor, and energy 0 to the D 2 flavor of anyon D.
In contrast, the purely topological Hamiltonian is 6local:
Notice, how the only difference from the (58) Hamiltonian is that here we multiply the 4-local vertex and plaquette projectors to form a 6-local projector unto sites.
(This is simple for this case, when we only wish to project out the vacuum, and is less trivial for other, non-vacuum states, see Ref. [14] .) The (59) Hamiltonian only distinguishes the single vacuum state by giving it −1 energy, while treating all states of excitations equally: it simply assigns energy 0 to all (non-vacuum) anyons.
Adding 4-local terms to the Hamiltonian
Let's take the fully topological Hamiltonian of D(S 3 ), Eq. (59), which doesn't distinguish between flavors of the same anyon. Now, we may add the 4-local terms introduced in in Sec. V B 1, they all commute with both the vacuum projector and each other [14] :
Cy .
We could also add 4-local terms for A Γ1 and B Ce , but as shortly demonstrated, it is not necessary for our purposes.
The prefactors in front of each projector are tunable energy parameters (the notation follows that of Ref. [14] ). As long as none of the parameters are decreased below −0.5 (more precisely, no combination of charge and flux projectors together are below −1), the ground space of this Hamiltonian coincides with the vacuum state of D(S 3 ). Thus, all anyons of the Drinfeld double are excitations of the Hamiltonian (60).
Energy-suppression of conjugacy classes or irreps
Engineering the Hamiltonian (60), and then tuning some of its parameters to be very large, will practically forbid anyons and anyon flavors related to the projector (or label of) we are tuning. In an environment with finite temperature, thermal processes that cost energy E k B T will be suppressed. Thus, processes leading to the creation of certain anyons would cost too much energy, and those processes become thermally forbidden. This procedure is a way to physically realize the phase transitions discussed in Sec. IV. For example, tuning the parameter → ∞ in the Hamiltonian (60) will result in the conjugacy class C x becoming forbidden in the theory, and lead to the analysis presented in Sec. IV A. Another example is when we tune the parameter γ → ∞, which will lead to the forbiddance of the irrep Γ 2 , analyzed in Sec. IV C. In short, tuning any combination of the parameters in (60) will lead to the (joint) forbiddance of labels, as investigated in Sec. IV and in Appendix B.
However, it is key to understand that in order to induce the phase transition, we need to completely project out certain parts of the Hilbert space, as discussed in Sec. V A. This will only happen when the tuned parameter reaches infinity. As an example, the Hamiltonian for which 1 is not the same Hamiltonian as → ∞. Consider the (60) Hamiltonian along the path {β = γ = ν = 0, } in which increases starting from 0. For = 0, the Hamiltonian is the fully topological (59) and by definition in the D(S 3 ) phase. As increases, the Hamiltonian remains in the D(S 3 ) phase since it is connected to the = 0 topological Hamiltonian by a smooth path without closing the gap between the ground space and first-excited states. However, the (60) Hamiltonian for which → ∞ is in the D(Z 3 ) phase, as shown in Sec. IV A. In other words, we expect the (60) Hamiltonian H( → ∞) to be renormalized to the topological Hamiltonian of D(Z 3 ) by an RG flow. This discussion highlights the fact that it is possible to escape from a quantum phase by taking a limit, which makes a quantum phase an open set in the mathematical sense. Our picture of the phase transition is represented on Fig. 12 .
VI. DISCUSSION
In this paper we introduced a framework and tools to describe quantum phase transitions in a family of topological field theories: quantum doubles. The physical processes we found can be described using terms borrowed from Landau's theory of phase transitions. We characterized phase transitions using anyonic data: fusion rules, quantum dimensions, and the S-matrix of a theory. However, this information together can not always distinguish all distinct theories, and a point of improvement could be to incorporate the T -matrix into our protocol.
A similar analysis can be done for any quantum double, D(G). As quantum doubles of (Abelian) cyclic groups, D(Z d ) are the simple juxtaposition of Z d charges and Z d fluxes, with all anyons having quantum dimension 1, the theories emerging there will always be quantum doubles of subgroups. Both in these cases and for the non-Abelian D(S 3 ), the number of anyons and their quantum dimensions only decrease or don't change, but never increase (e.g. due to two anyons combining). It is an interesting question whether for more complex Abelian doubles (e.g. for D(Z d × Z k )) this would still hold, or would there be processes leading to the (non-trivial) combination of Abelian anyons, resulting in the emergence of a non-Abelian theory [8, 16] .
A. The significance of SU (2)4
One of the theories that emerged from D(S 3 ) is SU (2) 4 , which is a non-trivial occurrence. It has recently been shown that anyons of SU (2) 4 can be utilized for universal quantum computation [4] in that model. Our results show that it may be possible to realize SU (2) 4 on a lattice, by constructing D(S 3 ) through a 6-local Hamiltonian and introducing energy suppression through 4-local terms.
While 6-body terms are still too many, considering there exist theories with topological order with only 2body terms [15, 18] , it is an improvement over similar proposals for universality. Levin-Wen models require 12body interactions [17] , and the simplest double D(A 5 ) that is proven to have universal braiding, while it requires 6-body interactions, needs physical qudits with 60 distinct levels [19, 20] . In contrast, D(S 3 ) and the emergent SU (2) 4 only requires 6-level qudits for their lattice realization.
B. Emerging chirality
The emergence of chirality through SU (2) 4 , while the original theory D(S 3 ) was non-chiral, is interesting. Notice, how in both cases yielding SU (2) 4 (forbidding conjugacy class C y , or the irrep Γ 2 ), a process of (spontaneous) symmetry breaking happens, before the model finally transitions into the chiral SU (2) 4 .
It seems this partial forbiddance, together with the unique properties of anyons D and E in the original D(S 3 ) theory, are what cause the emergence of chirality. Anyons D, E are peculiar in how their charge flavors split: recall that while the normalizer of x is isomorphic to the normalizers of xy and of xy 2 , they are not identical. While the irreps of each of those normalizers will split between the irreps of S 3 (e.g. between Γ S3 1 and Γ S3 2 for anyon D), the manner how they split is different for each normalizer, thus for each flux label considered. This causes anyons D and E to react non-trivially to the forbiddances discussed in this work. An illustration of a process that breaks the symmetry, after the conjugacy class C y disappears, is the following counterclockwise and clockwise braiding of flux labels x and y:
where both of these exchanges only switch flux flavors, thus do nothing on the anyon-level as long as all the elements in the C x and C y conjugacy class (all the flavors) are present in the theory. However, as soon as we forbid the conjugacy class C y , we break the symmetry of the C x conjugacy class: two of the flavors (say xy and xy 2 ) become forbidden, while only one flavor continues to live in the theory (x). Thus, in the exchange scenario above, the second (clockwise) exchange would lead to an unphysical state, as xy 2 is forbidden, while the first (counterclockwise) exchange doesn't change the flavor x, and it can easily go through. Thus, we broke the exchange symmetry in this model. This argument doesn't provide a full explanation of how chirality emerges, especially as one of the flux labels used (y) in the argument is forbidden in the new theory. It only provides one example of breaking the symmetry of a fundamental process. We leave it to future work to investigate how exactly chirality emerges as a result of the properties discussed here.
C. Difference between Projection and Energy Suppression
In Sec. V we discussed how phase transitions could be realized through projecting out part of a Hilbert space vs. using a modified Hamiltonian to suppress anyons through their energy couplings. One difference between these two methods concerns the ground space of the new theory.
The projection operator will clearly change the ground space, therefore the new theory will have the correct ground state. Meanwhile, tuning the parameters of a commuting Hamiltonian, as done during the energy suppression, won't change the ground space of the model. This is especially interesting in light of Ref. [21] , which establishes a connection between anyons of a model and the ground-space degeneracy, thus it hints at the fact that a different set of anyons should result in a changed ground space.
We refer to our analysis of the process of energetic suppression in Sec. V B 3, where we argued that energy suppression will move a theory towards a phase transition, but won't necessarily take it over the critical point. Thus, the fact that the ground space throughout this procedure remains unchanged, is in agreement with our understanding of the distinction between energetic suppression vs. projection of the Hilbert space.
Another consequence of the subtle difference between projection and energy suppression is the following. In certain sections the reader might expect our analysis to yield a different theory than the one presented, for example, in Sec. B 7. There we forbid all non-trivial flux labels, and as a result we would expect that the pure chargeon theory of D(S 3 ) will arise: the Φ-Λ theory [22] . Following our analysis, instead, leads us to the emergence of Z 3 . Why is this?
It turns out that in some of the cases investigated in this paper, performing the projection on the Hilbert space vs. energy suppression will result in completely different theories. In the above example, energetically suppressing all anyons with non-trivial fluxes, through the Hamiltonian, will result in the Φ-Λ theory, living in the complete Hilbert space of D(S 3 ). However, when we project out parts of the Hilbert space related to the forbidden anyons, we will transition into a theory that needs to live in this new subspace of a Hilbert space. The Φ-Λ theory needs support on the full Hilbert space, and it can't manifest in this subspace. Therefore, the theory after the projection will transition into Z 3 instead, for which the new Hilbert space is a sufficient support. This is reminiscent of two-dimensional topological theories that can only live on boundaries of three-dimensional theories.
where rows and columns correspond to the elements in the following order:
{1, e 1 , e 2 , m 1 , m 2 , e 1 m 1 , e 2 m 1 , e 1 m 2 , e 2 m 2 }
Fusion rules and S-matrix of D(S3)
The fusion rules of the 8 anyons of D(S 3 ) are shown in Table VIII .
The S-matrix of the theory [6] : There are several ways we can forbid a flux or charge label, or a set of labels in the theory D(S 3 ). In the main text we presented three of these cases, here we list and present all possible emerging theories, with full proofs and derivations. Most of the emergent theories are quantum doubles of a subgroup of S 3 , like D(Z 3 ) in Sec. IV A, or the charge/flux sector of one. The only exception is SU (2) 4 , presented in Secs. IV B-IV C of the main text.
Forbidding Cy and Γ2 jointly leads to D(Z2)
Forbidding both the conjugacy class C y and the 2dimensional irrep Γ 2 will lead to the theory D(Z 2 ). For an overview of this theory, see Sec. II C 1. The process D(S 3 ) undergoes to form D(Z 2 ) is the following.
Step 1 -Anyons C, F, G, H become forbidden and D, E become partially forbidden (their charge flavors related to Γ 2 are removed).
Step 2 -A (further) partial forbiddance of D and E is induced. This time it is a spontaneous symmetry breaking of their flux flavors: only one of the flavors x, xy or xy 2 will remain. (This is the same process when flux flavors of D, E became forbidden after forbidding the C y conjugacy class only, in Sec. IV B. For more details, please refer to that section.)
At the end, the remaining set of anyons is: {A, B, D, E}, where D and E has decreased dimensions 1, due to the series of partial forbiddances these anyons underwent. These anyons correspond to the anyons of D(Z 2 ) with
For an overview of these physical processes, see Fig. 13 .
Proof
We can prove this correspondence by following the protocol detailed in Sec. III B. We need to start by truncating the fusion rules to the remaining set of anyons {A, B, D, E}, then using these to reconstruct the new S-matrix. This will yield the S-matrix of D(Z 2 ):
Arriving at this matrix (rather than, e.g. the S-matrix of the double semion model) is non-trivial, as such symmetries could be lost during our protocol. We'd like to remind the reader that when equivalent S-matrices emerge (as in, they produce the same fusion rules), we make our choice based on the symmetries of the S-matrix of the original D(S 3 ), which is what we did here. 
Forbidding Cx, Cy, Γ2 jointly leads to Z2
It is trivial to see this transition. Anyons C, D, E, F, G, H will become forbidden, leaving the set {A, B}. Clearly, B will act as a single Z 2 charge in this model. For a pictorial argument, see Fig. 14. 3. Forbidding Cy, Γ−1, Γ2 jointly leads to Z2
Step 1 -This leads to the forbiddance of anyons B, C, E, F, G, H and the partial forbiddance of D (the charge flavor related to Γ 2 becomes forbidden).
Step 2 -The forbiddance of conjugacy class C y induces the partial forbiddance of anyon D (this is a spontaneous symmetry breaking, for more details refer to the similar process in Sec. IV B).
The set {A, D} remains, where the quantum dimension of D has been decreased to 1 due to the series of partial forbiddances the anyon underwent. For an overview of this process, see Fig. 15 . Alternatively, it is also possible to prove the emergence of Z 2 in this limit by dutifully following the procedure outlined in Sec. III B.
Forbidding Γ−1 and Γ2 jointly leads to Z2
Step 1 -Forbidding Γ −1 and Γ 2 leads to forbiddance of anyons B, C, E, G, H and to the partial forbiddance of D and F (only the charge flavor related to Γ 1 remains), leaving the set of anyons {A, D, F }.
Step 2 -This initial forbiddance will induce the condensation of F .
Step 3 -The set of remaining anyons are thus: {A , D}, which form the Z 2 theory (with multiplicity).
For a pictorial argument showing this process, please refer to Fig. 16 .
Parts of the Proof
One can start to prove this by following the protocol of Sec. III B.
Step 1 -We truncate the fusion rules for the set of remaining anyons, see the new rules in Table IX .
Then, we use the new set of fusion rules to reverse- engineer the new S-matrix for this theory, and get:
Lemma 5 (Condensation (Step 2, Step 3 ) ). Anyon F condenses to the vacuum. The resulting theory is Z 2 , with multiplicity.
Proof. From the S-matrix (B2) it's clear that the entries for anyons A and F are not independent of each other, indicating anyon F will condense. This leads to the new theory having two distinct subspaces only: the space of A and F after condensation, having joint quantum dimension √ 3, and the space of anyon D with dimension √ 3. This will be followed by a spontaneous symmetry breaking of D, motivated by how the loss of anyon F always led to this process in previous cases (see Secs. IV B and B 1), and we will get a theory with anyons {A , D}, both having quantum dimension 1, clearly the semion model.
It is possible to mathematically follow the condensation process of anyon F . However, due to it being a non-Abelian anyon with quantum dimension higher-than-1, to our knowledge it is not possible to model its condensation and keep track of the quantum dimensions of the resulting subspaces faithfully at the same time. One can prove that F will condense, by making the appropriate basis transformation on the S-matrix, but the information that the quantum dimensions of the resulting subspaces will match, will be lost.
However, even without the detailed mathematical argument for this condensation, the physical arguments are compelling enough to conclude that the emerging theory will be Z 2 , based on the set of anyons {A , D}, formed after the condensation of F .
Forbidding Γ−1 and Cy jointly leads to Z2
This process is very similar to the one detailed in Sec. B 4, due to the exchange symmetry of anyons C and F in D(S 3 ).
Step 1 -Forbidding Γ −1 and C y together will forbid anyons {B, F, G, H}, and partially forbid anyon E.
Step 2 -Forbidding the irrep Γ −1 induces anyon C to lose its antisymmetric flavor, as well as it leads to the complete forbiddance of E (all of its charge flavors are antisymmetric). This leaves the set of anyons {A, C, D}. Figure 16 . Forbidding irreps Γ−1 and Γ2 of S3 transforms D(S3) to Z2. The subspace FS ≡ F1 of Fig. 11 , A is the vacuum after the condensation of F .
Notice that due to the C ↔ F interchangeability, this theory will undergo the same transitions as the one detailed in Sec. B 4.
Step 3 -First, anyon D will undergo a spontaneous symmetry breaking (induced by the loss of conjugacy class C y ).
Step 4 -Then anyon C will condense to the vacuum.
Step 5 -After this, {A , D} will form Z 2 (with multiplicity).
For an overview of this process, see Fig. 17 .
Proof
Due to the C ↔ F equivalence in the original D(S 3 ) theory the proof is identical to the proof presented in Sec. B 4. We need to start by truncating the original fusion rules to the new set {A, C, D}, then follow the steps outlined there.
Forbidding Γ−1 leads to Z2
The double D(S 3 ) also transitions into Z 2 when we simply forbid the irrep Γ −1 alone.
Step 1 -B becomes forbidden, and E, F are partially forbidden.
Step 2 -The forbiddance of the irrep Γ −1 additionally induces C, G, H to lose their antisymmetric charge flavors, and the complete forbiddance of E (as it only has antisymmetric charge flavors).
The remaining set of anyons is then: {A, C, D, F, G, H}.
Step 3 -We will see that at this point anyons C, F, G, H all condense to the vacuum.
Step 4 -We have two subspaces: {A , D}, which will realize the Z 2 theory.
For an overview of these processes, see Fig. 18 .
Parts of the Proof
After the initial forbiddance processes, we are left with the set of anyons: {A, C, D, F, G, H}. Fig. 11) . A is the vacuum after the condensation of C, F, G, H. Step 1 -Following our protocol, we truncate the fusion rules to this set, and construct the S-matrix. The truncated fusion rules are shown in Table X .
Step 2 -The resulting S-matrix already shows us that anyons C, F, G, H lost their antisymmetric subspaces:
Lemma 6 (Condensation (Step 3, Step 4 ) ). Anyons C, F, G, H all condense to the vacuum. The resulting theory is Z 2 , with multiplicity.
Proof. Notice, that the entries corresponding to anyons A, C, F, G, H are identical, up to a constant, while the only linearly independent entries are those of anyon D. From this, we conclude that excitations C, F, G, H will all condense to the vacuum, forming a 3-dimensional sub-space. Then, we are left with two 3-dimensional subspaces: one for the vacuum after condensation, A , and one for anyon D. These two will form a Z 2 theory. (For a more detailed argument, see the proof of Lemma 5.) 7 . Forbidding Cx and Cy jointly leads to Z3
When we forbid conjugacy classes C x and C y :
Step 1 -Anyons D, E, F, G, H all become forbidden. The set {A, B, C} remains.
Step 2 -The initial forbiddance will induce the condensation of B, which is accompanied by the partial forbiddance of C (this is the same process as detailed in Sec. IV A).
Step 3 -Then, anyon C will split up into two 1-dimensional anyons, C a and C b . With the labelcorrespondence
this forms the charge sector of D(Z 3 ): Z 3 . For an overview of this process, see Fig. 19 .
Proof
This proof follows the general ideas of the proof in Sec. IV A; for more details on certain points please refer to that section.
After the initial forbiddances, the set {A, B, C} remains.
Step 1 -We truncate the fusion rules of D(S 3 ) to this set, these are shown in Table XI . Then, using the new fusion rules to construct the Smatrix, we get:
(B7) Figure 20 . Forbidding conjugacy class Cx and irrep Γ2 of S3 transforms D(S3) to Z2. The subspace FS ≡ F1 of Fig. 11 , and subscripts a and b denote the final, 1-dimensional components. A is the vacuum after the condensation of B. If we additionally forbid the irrep Γ−1 of S3, only Step 2 changes: instead of the induced condensation of anyon B, it is immediately forbidden along with the nontrivial charge flavor of F . After this step, the processes are the same.
10. Forbidding Γ−1, Γ2, Cx jointly leads to Z3
Processes similar to those of Sec. B 9 happen when we forbid the combination Γ −1 , Γ 2 and C x :
Step 1 -Anyons B, C, D, E, G, H become forbidden; as well as
Step 2 -F is partially forbidden (only the charge flavor Γ 1 remains). This leaves the set {A, F }.
Step 3 -Then, anyon F splits into two particles, forming the flux sector of D(Z 3 ).
